Abstract Algebra, 3rd Edition
David S. Dummit and Richard M. Foote
newell.jensen@gmail.com

Chapter 2 - Subgroups

Exercises:

2.1 DEFINITION AND EXAMPLES

Let G be a group.

1. In each of (a)-(e) prove that the specified subset is a subgroup of the given group:

Let us denote the subset of the given form as H.

(a)

(b)

(c)

(d)

the set of complex numbers of the form a + ai,a € R (under addition)
Proof. H is non-empty as we canleta =0 = 0 + 0/ = 0, the identity element.

Letx,y € Hsuchthatx =a+ai,y =b+ bi. Thenx —y = (a +ai) — (b+ bi) = (a —b) + (a — b)i, which
is also in H.

Therefore, H is a subgroup of the complex numbers. O

the set of complex numbers of absolute value 1, i.e., the unit circle in the complex plane (under multi-
plication)

Proof. Hisnon-emptyas1+0i=1 = [1+0i =1.

Letx,y € Hso thatxy™" = |xy~!| = |xlly~!| = |1[1| = 1. Therefore, xy~! € H.

Therefore, H is a subgroup of the complex numbers. O
for fixed n € Z"* the set of rational numbers whose denominators divide n (under addition)

Proof. H isnon-emptyas1 € Qand1|n.

Letx,y € H such thatx = a/b,y = c/d so that b | n and d | n. Then we must have thatb = n/e,d = n/f
for somee,f € Z*.

Therefore,
_ a ¢ ae bf ae—bf
v Y b d n n n

and since n | n we see that this denominator obviously divides # so this rational number must be in H.

Therefore, H is a subgroup of the rational numbers. O

for fixed n € Z™* the set of rational numbers whose denominators are relatively prime to n (under
addition)

Proof. H is non-empty as 1 € Q and 1 is relatively prime to any #.

Let x,y € H such that x = a/b,y = ¢/d so that gcd(b,n) = gcd(d,n) =1 = gecd(bd,n) = 1.



Therefore,

a ¢ ad—cb

b d~ bd
and since ged (bd, n) = 1, we have that the denominator of this rational number is relatively prime with
n so this rational number must be in H.
Therefore, H is a subgroup of the rational numbers. O
the set of nonzero real numbers whose square is a rational number (under multiplication)

Proof. H is non-empty as any nonzero squared integer is an integer and any integer is a rational number.

Let x,y € H such that x> = a/b,y? = ¢/d. Then,

-1
-1 —12_2—2_22—1_f,(£> _@
xy = (xy ) =xY° =x°(y°) =3 7 = e
which is a rational number so this nonzero real number is in H.
Therefore, H is a subgroup of the real numbers. O

2. In each of (a)-(e) prove that the specified subset is not a subgroup of the given group:

Let us denote the subset of the given form as H.

(a)

(b)

(c)

the set of 2-cycles in S,, forn > 3

Proof. Letx,y € Hsuchthatx = (12) andy = (13). Thenxy™! = (12)(31) = (132) ¢ H.
Therefore, H is not a subgroup of S, for n > 3. O
the set of reflections in D,,, forn > 3

Proof. A reflection in the dihedral group D,, has the relation that s> = 1. That is, when we apply the
same reflection twice, we get the identity element.

However, we can have different reflections for n > 3. A reflection will interchange a pair of points on
the n-gon to create a 2-cycle within the reflection’s cycle decomposition. And similar to (a) above, we
see that the composition of 2-cycles that share an element, will result in a permutation that is not a
2-cycle and therefore does not belong to the group of reflections.

For an explicit example of this note that when n = 3 we have an equilateral triangle that has the reflec-
tions: (12),(13),(23)

These are the same 2-cycles we used in part (a) above and with the same reasoning we see that (1 3 2)
¢ H.

Therefore, H is not a subgroup of D,,, for n > 3. O
for n a composite integer > 1 and G a group containing an element of order 7, the set
xeGlkl=nu{l)
Proof. Let x,y € H. Since n is composite we can write it as n = ab, wherea < b < n.
Suppose xy~! € H
(xy™Hr =1 =x"y™" [property of the group]



= 1y—7’l

= y_n

— y—ah

— (y—a)h

= (™™ ()™ =1]

= yiﬂ

— (y—l)ﬂ
Thus, (y‘l ) = 1, which is contradiction as the group elements of G have order n. Therefore, xy‘l ¢ H
and H is not a subgroup of G. O

(d) the set of (positive and negative) odd integers in Z together with 0

Proof. Letx,y € Hsuchthatx =5,y =3thenxy™! = x—y = 5-3=2¢H.

Therefore, this set is not a subgroup of Z. O
(e) the set of real numbers whose square is a rational number (under addition)

Proof. Let x,y € H such that x> = a/b,y? = c¢/d. Then, xy~! = x —y so that

(x—y)?=x>-2xy+y?>= % —2xy+§
but
X = \g andy = \/g
which means the square of x — y is not a rational number.
Therefore, H is a not a subgroup of the real numbers. O

3. Show that the following subsets of the dihedral group Dy are actually subgroups:
For dihedral groups we have the relations s* = 1,7s = sr—L.
Let us denote the subset of the given form as H.
(a) {1,7%,s,sr?}
Proof. Obviously H is non-empty.

n =4 for Dgsor* = 1.

Each of the elements are their own inverses:

1-1=1
r2.r2=rt=1
s-s=s2=1 [s2 =1]

sr? - sr? = sr?sr?

= sr(rs)rr

-1

= srsr—lr [rs = sr—1]

=s(rs)r

=ssrlr [rs = sr™!]



=s2=1 [s2 =1]
Thus, H is closed under inverses.

For multiplication we can look at the combinations:

r2-s =r(rs)
= (rs)r~! [rs = sr~1]
=sr 1y 1 [rs = sr~1]
=sr2
=512 [r? is its own inverse]

r2 . sr? = r(rs)rr

= (rs)r~trr [rs = sr71]
= (rs)r
=sr7lr [rs = sr!]
=s

512 = sr?

s-sr? = g2
=72 [s?2 =1]

sr2 .5 = sr(rs)

=s(rs)r! [rs = sr71]

=ssr 171 [rs = sr1]

=g%r2 [s?2 =1]

=12 [r2 is its own inverse]
sr? .12 = srt

=5 [r* =1]

Thus, H is closed under multiplication.
Therefore, H is a subgroup of Dg.

(b) {1,72,sr,sr3}
Proof. Obviously H is non-empty.
n=4forDgsort=1.
Each of the elements are their own inverses:

1-1=1

r2orr=rt=1

sr-sr = s(rs)r

=ssrlr [rs = sr1]

=s2=1 [s2 =1]
sr3 - sr3 = sr3s13

= srr(rs)rrr

= srrsr~lrrr [rs = sr~1]

= sr(rs)rr



srsrlrr [rs = sr71]

=s(rs)r
=ssr1r [rs = sr1]
= 52 =1 [Sz = 1]

Thus, H is closed under inverses.
For multiplication we can look at the combinations:

r2.sr=r(rs)r

= (rs)r 1r [rs = sr1]
=sr1r1r [rs = sr1]
=sr72r
=g’ [r? is its own inverse]
r2 . sr3 = r(rs)rrr
= (rs)r~lrr [rs = sr1]
=sr72y3 [rs = sr71]
=sr° [r? is its own inverse]
=sr [r* =1]
srr? =sr3
sr-sr3 = s(rs)r’
= ssr~1p3 [rs = sr1]
=s%r?
=12 [s2 =1]
sr3 12 =sr°
= srir
=sr [r* =1]
sr3 . sr = srr(rs)r
=sr(rs)r-ir [rs = sr1]
=s@rs)r-irlr [rs = sr!]
=s2r3r [rs = sr1]
= 1"_2
2

=r [r? is its own inverse]
Thus, H is closed under multiplication.
Therefore, H is a subgroup of Dsg. O

4. Give an explicit example of a group G and an infinite subset H of G that is closed under the group
operation but is not a subgroup of G

Proof. Let G be Z and let H be the infinite set Z* under addition. H is closed under addition but it does not
contain the identity nor additive inverses. Therefore, H is not a subgroup of G. O

5. Prove that G cannot have a subgroup H with |[H| = n — 1, where n = |G| > 2.



Proof. From Exercise 19 of Section 1.7, we know that if G is a finite group and H is a subgroup of G, then
|H| divides |GI|. Since n = |G| > 2 we know that G is finite. In order to have a subgroup H with order n — 1
would mean that # — 1 | n and this can only be true if n = 2. O

6. Let G be an abelian group. Prove that {g € G | |g| < oo} is a subgroup of G (called the torsion subgroup of
G). Give an explicit example where this set is not a subgroup when G is non-abelian.

Proof. Let us denote the subset of the above form as H.
H is non-empty as it contains the identity element.

If x,y € H then we know that the orders of x and y are finite. Let |x| = 4 and |y| = b, for some positive
integers a, b. Then, since |y| = Iy‘ll = b we see that

Xy_l — (xy—l)lcm(u,b) — xlcm(u,b)y—lcm(a,b) -1 = |xy—1| — lcm(a, b)

Therefore, H is a subgroup of G. O

For an explicit example where this subset is not a subgroup when G is non-abelian let’s have H = GL,,(Q)
and
L=(01
“\1 0
y (0 2)
=11
5 0
g1 1 ( 0 —2) _ (
Sy =
-1\-5 0
x? = ((1)

However, xy‘1 has infinite order:
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1
2 0
-1\2 _ [ 7
W7 =10 4)
1
= 0
-1y3 — [ 8
W7 =10 8)
.. etc.

7. Fix some n € Z with n > 1. Find the torsion subgroup (cf. the previous exercise) of Z x (Z/nZ). Show
that the set of elements of infinite order together with the identity is not a subgroup of this direct product.

The torsion subgroup is the set of elements that have finite order. For Z x (Z/nZ) this is the additive
subgroup

{0, 1i€{0,1,...,n —1}}
where the identity element is (0, 0).

The set of elements of infinite order together with the identity is not a subgroup because we can see that it
is not closed under addition as (19,1) + (—19,0) = (0, 1), which is an element of finite order.

8. Let H and K be subgroups of G. Prove that H U K is a subgroup if and only if either H C K or K C H.



Proof. f HUK < G, thenletx € Hand y € K.

xe€H = xe HuK
yeEK = ye HuUK
= xye HUK
= xyeHorxy €K
Ifxye H thenye H = KCH
Ifxy e K, thenx e K = HCK

Therefore, either K C H or H C K.

Conversely, if either K C Hor H C K, thenletx € Hand y € K.

IfHCKthenxye K = xye HUK
fKCHthenxye H = xye HUK

Thus, H U K is closed under multiplication.

Since H and K are groups, the same arguments can be used for inverses and the identity. Thus, H U K is a
subgroup of G.

Therefore, H U K is a subgroup if and only if either H C Kor K C H. O

9. Let G = GL,(F), where F is any field. Define
SL,(F) = {A € GL, (F) | det(A) = 1}
(called the special linear group). Prove that SL,,(F) < GL, (F).

Proof. identity:

The identity element for GL,F is the identity matrix for the field F and since this is an identity matrix, its
determinant is equal to 1.

Therefore, SL,, (F) contains the identity element.

closed under multiplication:

Let X,Y € SL, (F). For square matrices we know that det(AB) = det(A) - det(B).
Therefore, det(XY) = det(X) -det(Y) =1-1=1.

Thus, SL,,(F) is closed under multiplication.

closed under inverses:

SL, (F) is also closed under inverses as the determinate for the inverse of square matrix A is

1 1,
det(A) 1

Therefore, SL,,(F) < GL,,(F). O

10.



(a)

(b)

Prove that if H and K are subgroups of G then so is their intersection H N K.

Proof. Since H and K are both subgroups of G then properties (1) and (2) of the Subgroup Criterion
hold. Additionally, since H and K both contain the identity element H N K must as well.

If x,y € H N K, then x,y are in both H and K. Therefore, their products and inverses must be as well
since they are groups. Thus, H N K is closed under multiplication and inverses.

Therefore, if H and K are subgroups of G then so is their intersection H N K. O

Prove that the intersection of an arbitrary nonempty collection of subgroups of G is again a subgroup
of G (do not assume the collection is countable).

Proof. In part (a) we proved that the intersection of two subsets is itself a subset of G. Therefore, if we
take the intersection of this subset with another subset of G, by the same argument of part (a) above,
we will see that once again we will have a subset of G. O

11. Let A and B be groups. Prove that the following sets are subgroups of the direct product A x B:

(a)

(c)

{(a,1)|ac A}

Proof. Since A and B are both groups, they both contain the identity element 1. Thus, this set contains
the identity element of A x B which is the ordered pair (1,1).

Let ay,a, be elements of this set. Thena;a5! = (ay,1) - (a;},1) = (a;a;',1) which is in this set since
a,a; € A as it is a group.

Therefore, this set is a subgroup of A x B. O
{(1,b) | b € B}

Proof. Since A and B are both groups, they both contain the identity element 1. Thus, this set contains
the identity element of A x B which is the ordered pair (1,1).

Let by, b, be elements of this set. Then byb5! = (1,b;) - (1,b51) = (1,b,b5!) which is in this set since
b;b;! € Basitis a group.

Therefore, this set is a subgroup of A x B. O
{(a,a) | a € A}, where here we assume B = A (called the diagonal subgroup).

Proof. Since A and B are both groups, they both contain the identity element 1. Thus, this set contains
the identity element of A x B which is the ordered pair (1,1).

Let a,,a, be elements of this set. Then aya;' = (ay,49) - (a3%,a5') = (aya5',a,a51) which is in this
set since a,a5;! € A asitis a group.

Therefore, this set is a subgroup of A x B. O

12. Let A be an abelian group and fix some n € Z. Prove that the following sets are subgroups of A:

(a)

(a"|a € A}
Proof. Since 1" = 1 this set contains the identity element.

Let a;,a, be elements of this set. Then if a;a5! is in this set we must have that aa;" = (a;a5)",

N,—n -1,-1 -1
aya, " = 1141 =" A1f51 Agp * App



= (@10, 1)1 (@185")5 -+ (mazt), = (aa;")"
Thus, a,a5 " is in this set since a;a; ' € A.
Therefore, this set is a subgroup of A. O
(b) a€Ala* =1}
Proof. Since 1 € A and 1" = 1 this set contains the identity element.
Let a1, a, be elements of this set. Then if a;a5" is in this set we must have that (2,a51)" = 1,

(a3 )" = (a1a51); (a1a51), -+ (a5,
= Ay - Ay, 051 Ay - gy
= ajay" = a} (a5) !
=1-1"1=1.1=1

Thus, a,a5" is in this set.
Therefore, this set is a subgroup of A. O

13. Let H be a subgroup of the additive group of rational numbers with the property that 1/x € H for every
nonzero element x of H. Prove that H = 0 or Q.

Proof. Since H is a subgroup it must contain the additive identity element which is 0.

If H # {0} then it contains an element other than the identity element. Let that element be x. Since x is a

a
rational number we can denote it as x = b for integers a,b. Since x is nonzero H also contains the element
1 b a b
il Additionally, since H is a group it also contains the additive inverses of these elements, % and — p

Since H is closed under addition we know that there must be an element of the group for adding g to itself

a a
b times to give us b = a. Since a is an integer, and noting that the same argument is valid for ——, we see

b
that H contains all of Z and their inverses (using the property of H).

Thus, since any rational number can be constructed from combinations of integers and their reciprocals we
see that Q C H. But H C Q so therefore we have H = Q. O

14. Show that {x € D,,, | x* = 1} is not a subgroup of D,,, (here n > 3).
Proof. Let x,y be elements of the set. To have xy~! in the set it must satisfy the condition that (xy~—1)? = 1.
But D,,, is non-abelian so,
(xy D2 =xy eyt £ 1ifx £y
Therefore, this is not a subgroup of D,,,. O

15. Let H, < H, < -+ be an ascending chain of subgroups of G. Prove that |-, H, is a subgroup of G.

Proof. Let us denote H; < H, < ---as H.

Since H; is a group, it must contain the identity element so therefore H contains the identity element as well.



Let x,y € H so that x € H,, and y,y~! € H, for some positive integers m,n. Then xy~! € Hy where
N =max(m,n), which implies that xy~! € H.

Therefore, H is a subgroup of G. O

16. Let n € Z™* and let F be a field. Prove that the set {(a;) € GL,(F) | a; =0 for all i > j} is a subgroup of
GL,, (F) (called the group of upper triangular matrices).

Proof. Let us denote {(a;) € GL,, (F) | a; = 0as H,
A matrix that is 1 x 1 is trivially an upper triangular matrix.

Additionally, note that for each step, it is easy to see that the H,, contains the identity matrix I,,, for all n, as
it is an upper triangular matrix.

base case: For n = 2let A, B € H, such that
_ (%1 d12 _ (b b2
A= ( 0 a22> B= ( 0 bzz)

B-1— 1 <b22 —b12)
biyby \ 0 b1y

The inverse of B is

Thus, H, is closed under inverses.

H, is also closed under multiplication as

A.B= (5111 a12> (bu b12> — (aubn a11b12 +“12b22>
0 ay 0 by 0 abry

is an upper triangular matrix.
Therefore, H, is a subgroup of GL, (F).
induction hypothesis: For n = k suppose that H; is a subgroup of GL, (F).

induction step: For n = k + 1 an upper triangular matrix can be broken up as an upper block-diagonal
matrix

A1 (k+1
a1 A1y 1 (k+1) “2Ek+1;
+
0 axp - gy — Ay :
0 0 - . :
0 0 - Gguyges k(k+1)
(k+1)(k+1) [00 --- 0] ‘ Ay 1) (k1)
Let A,B € Hy,; such that
A1 (k1 1) | b1 k+1)
a b
A 2(lf+l) B 2(7f+1)
A= k : B= k :
A (k+1) biees1)
[00 - 0] | @gestyesn [00 - 0] | Brertyiesn)
The inverse of B is
bl(k+1)
b2 k+1
B—l — 1 b(k+1)(k+1) (; )
B.b ’
kY (k+1)(k+1) bk(k+1)
[ 0001 [ B




Thus, Hy,, is closed under inverses (since the block-diagonal matrix can be converted back to an upper
triangular matrix).

Hy,, is also closed under multiplication as

A1(k+1) by s 1y
a b
A.Bo Ak 2(l§+1) Bk 2(I§+1)
Ak (k+1) bk(k+1)
L [00 - 0] | agsnyes1) [00 -+ 01 | byeprysny
b1 ks1) a1 (k+1)
2 (k+1 a2 (k+1
_ AgBy A | 28D+ [ 2E D b1y gy
bk(k+1) A (k+1)
L [00 - 0] Akt 1) (e 1Pk (k1)

is an upper triangular matrix (since the block-diagonal matrix can be converted back to an upper triangular
matrix).

Therefore, Hy, is a subgroup of GL;, (F) and by induction H,, is a subgroup of GL,, (F) for all n. O

17. Let n € Z* and let F be a field. Prove that the set {(ay) € GL, (F) | a; =0 foralli > j, and a;; = 1 for all
i} is a subgroup of GL,, (F).

Proof. Using the same proof as Exercise 16 but this time with the added condition that the diagonal elements
must be equal to 1.

Obviously the identity matrix satisfies this and it is easy to see that for n = 2 it does as well by looking at
the inverse and the multiplication portions of the proof.

For the induction hypothesis we assume it holds for n = k. Then in the induction step, we can see it holds for
inverses and multiplication of matrices from the induction hypothesis, so that it indeed holds for n = k + 1
and therefore by induction, all of n. O

2.2 CENTRALIZERS AND NORMALIZERS, STABILIZERS AND KERNELS

1. Prove that C;(A) = {¢ € G| g lag = afor alla € A).

Proof. The definition of C;(A) is C5(A) = {g € G| gag~! = aforalla € A}.

gig~l =a
gag~'g =ag
ga =g
g 'ga=g""ag
a=glag
Therefore, C5(A) = {g € G| ¢ lag = aforalla € A}. O

2. Prove that C;(Z(G)) = G and deduce that N (Z(G)) = G.



Proof. The definition for Z(G) is Z(G) = {g € G | gx = xg for all x € G}.
Therefore, all the elements of Z(G) commute with all the elements of G.

The definition of C (A) is the elements of G that commute with all the elements of the subset A. If the subset
is Z(G), we already know that all the elements of Z(G) commute with all the elements of G. Therefore,
Co(Z(G)) =G. O

The elements of N (A) are the elements of G that commute either point wise or to another element of the
set A. For Z(G) we already know that all of the elements of G commute point wise with all the elements of
Z(G), therefore N5 (Z(G)) = G.

3. Prove that if A and B are subsets of G with A C B then C(B) is a subgroup of C (A).

Proof. Centralizers are groups, as proved in the text, so we must show that C;(B) C C;(A).
Let g € C;(B), then
gbg~t =bforallb € B

gbg™l =bforallbe A [A C B]
g € Ci(A).
Thus, C(B) C Cs(A).
Therefore, C;(B) < C(A). O

4. For each of S3, Dg, and Qg compute the centralizers of each element and find the center of each group.
Does Lagrange’s Theorem (Exercise 19 in Section 1.7) simplify your work?

Sy =1{1,(12),(13),(23),(123),(132)}
Cs,(1) =5,
Cs,((12)) ={1,(12)}
Cs,((13)) ={1,(13)}
Cs,((23)) ={1,(23)}
Cs,((123)) ={1,(123),(132)}
Cs,((132)) ={1,(123),(132)}

Z(Sy) =1
Dg = {1,7,1%,13,s,51,512,5r%}
CDs(l) = D8

Cp, (1) = {1,1,7%,1°}
CDs(rz) ={1,r,1%13,s,sr,sr2, 513}
Cp, () = {1,1,7%,1°}
Cp, (s) = {1,1?,5,51}
Cp, (s7) = {1,1%,s1,51°}
Cp, (sr?) = {1,1%,5,51%}
Cp, (s7%) = {1,7?,57,51°}

Z(Dg) = {1,1%)



Qg ={1,-1,i,—i,j,—j, k,—k}
CQS(l) = Qs
CQS(—D = Qs
CQS(i) ={1,-1,i,—i}
CQS(—i) ={1,-1,i,—i}
Co, () = {1, -1,j,—)
Co, (=) = {1, =1,j, =)
CQg (k) ={1,-1,k,—k}
CQS(—k) ={1,-1,k —k}
Z(Qg) ={1,-1}

Yes, Lagrange’s Theorem helps because we know that since C5(A) < G then we must have that |C5(A)|
divides |G|. With this information we know that the orders of our centralizers must meet this criteria.

5. In each of parts (a) to (c) show that for the specified group G and subgroup A of G, C5(A) = A and

(a)

(b)

G=S3and A={1,(123),(132)}.

Proof. We know that C5(A) < G so by Lagrange’s Theorem we know that | C;(A)| divides |G|. Thus,
|Cc(A)lis equal to 2, 3 or 6. Since (1 2) doesn’t commute with (1 2 3) it must be either 2 or 3. Noting
that (12 3) and (1 3 2) commute with one another we see that | C;(A)| must be equal to 3, and more
specifically to A.

We know that C;(A) < Ng(A) < G (as mentioned in the text) so by Lagrange’s Theorem again we
know that |C(A)| divides | N (A)|, which divides |GI.

Therefore, 3 | INg(A)| < 6. This shows that| N (A)|is equal to 3 or 6. If the former, then N; (A) = Abut
since (12)0(123)=(132) € A,then (12) € Ng(A). Therefore, IN;(A)| = 6 and thusN;(A) =G. O

G =Dgand A = {1,s,7?,sr%}.

Proof. From Lagrange’s Theorem we know that the order of C5(A) is either 1, 2, 4, or 8. It can’t be the
later since we know that s and r don’t commute, i.e. rs = sr~1. Additionally, we know that since G is
generated from r and s and that both commute with 72 (along with 1), so all elements will commute
with r2. For A, we also see that s will commute with all the elements so we must have that |C5(A)| = 4.
Thus, G5 (A) = A.

We know that C5(A) < Ng(A) < G (as mentioned in the text) so by Lagrange’s Theorem again we
know that |C(A)| divides | N (A)|, which divides |GI.

Therefore, since |C;(A)| = 4 we must have that |N;(A)| is either 4 or 8. However, since rsr™! =
sr~1r~! = sr72 = sr? which is an element of A, we see that ¥ € N (A) so we must have that the order

of N (A) is 8 since C(A) = A < N (A). Therefore, N (A) = G. O
G=D+10and A = {1,r,7%,13,r*}.

Proof. From Lagrange’s Theorem we know that the order of C;(A) is either 1, 2, 5, or 10. Since s and r
don’t commute it can’t be 10 nor can it be 2 as r commutes with all of the other powers of r. Therefore,
it must have order 5 and is therefore C;(A) = A.

We know that C5(A) < Ng(A) < G (as mentioned in the text) so by Lagrange’s Theorem again we



know that |C;(A)| divides | N (A)|, which divides |GI.

Therefore, since | C;(A)| = 5 we must have that [N (A)| is either 5 or 10. However, since sr?s™! =
srrs™! = r~lsrs™! = r~1r~1ss71 = r=2 = #2 which is an element of A, we see that s € N (A) so we must
have that the order of N (A) is 10 since C5(A) = A < Ng(A). Therefore, N (A) = G. O

6. Let H be a subgroup of the group G.

(a)

(b)

Show that H < N (H). Give an example to show that this is not necessarily true if H is not a subgroup.
Proof. Let x € H. Then since x € G we have that xx = xx so that x € N (H). Therefore, H < N (HG).

If H is not a subgroup it could be a subset of G that does not contain the identity element and the
identity element belongs to N (H). O

Show that H < C5(H) if and only if H is abelian.

Proof. Suppose H < C;(H), then forx € Co(H) = x € H so that xx = xx, for all x € H. Therefore,
H is abelian.

If H is abelian, then forx € H = x € G we have that xx = xx for all x € H. Therefore, x € C-(H) so
that H < C4(G). O

7. Let n € Z with n > 3. Prove the following:

(a)

Z(D,,) = 1ifnis odd

Proof. For D,,, the generators are r and s, which don’t commute. However, we have seen that powers of r
do commute for with s in some of the previous exercises. For example, for Dg we saw that > commuted
with s. The reason this power of r commuted with s is because n was a number where ¥=2 = r2. That is
the inverse rotations matched up with forward rotations, which can only happen in the middle of the
n-gon. If n = 2k is an even number then r* = =k,

If n is an odd number then n = 2k + 1 and we see that we will not have an even number of forward
rotations that match up with the same amount of inverse rotations.

Therefore, Z(D,,,) = 1if n is odd. O
Z(D,,) = {1,7*}y if n = 2k.

Proof. Most of the leg work for this proof is done in part (a) above, as we have already seen that if
n = 2k is an even number then r* = r7%.

Thus, stks™! = srrk—1s71 = plgpk=15-1 = ... = p=kgs=1 = p=k = yk,

Therefore, Z(D,,) = {1,r*} if n = 2k. O

8. LetG =S, fixani € {1,2,...,n}and let G; = {0 € G| 0(i) = i} (the stabilizer of i in G). Use group
actions to prove that G, is a subgroup of G. Find |G,|.

Proof. 1 € G, by axiom (2) of an action.

If o € G, then

i=103) = (¢ o) (i)
= o 1(o@)) [by axiom (1) of an action]



=o71() [since 0 € G,]

Therefore, ¢! € G,. If 0y, 7, € G;, then

(0905) (i) = 09 (02(D)) [by axiom (1) of an action]
= 04 (i) [since 0, € G;]
=i [since 0y € G;]

Therefore, G; is a subgroup of G.

The order of |G,| is the number of permutations that fix i. If we fix one element then we can permute the
other n — 1 numbers. Therefore, the order is n — 1. O]

9. For any subgroup H of G and any nonempty subset A of G define Ny; (A) tobe the set {h € H | hAh~! = A}.
Show that N (A) = Ng(A) NH and deduce that Ny (A) is a subgroup of H (note that A need not be a subset
of H).

Proof. Leth € Ny (A). Then
he Hand hAh™1 = A

heHandhe GandhAh 1 = A [A C G]
he Handh € Ng(A) [definition of normalizer of A in G]
h € HN N (A)

Therefore, N (A) C Ng(A) N H.

Conversely, let h € Ng(A) N H.

heGandhAh ' =Aandh e H
(heGandhe H)andhAh 1 = A
he Hand hAh™! = A [A CG]
h € Ny (A)
Thus, N (A) N H C Ny (A).

Therefore, Ny (A) = Ng(A) N H. O

10. Let H be a subgroup of order 2 in G. Show that N;(H) = C;(H). Deduce that if Ng(H) = G then
H < Z(G).

Proof. Since we know that Ng(H) and C(H) are both subgroups of G we can show equality by showing
that they are subsets of each other.

Let g € C;(H). Then
ghg™! =hforalh€e H = gHg ' =H
g € Ng(H)
Thus, C-(H) C N (H).
Conversely, let ¢ € N (H). Then
(81871, ghg™y = (1,1}
Since g1g~! = 1, this equality of sets occurs if and only if ghg~! = h as well, i.e., if and only if ¢ € C;(H).

Thus, N (H) C C;(H) and therefore, N (H) = C(H). O



11. Prove that Z(G) < N (A) for any subset A of G.

Proof. Since we know that Z(G) and N (A) are both subgroups of G we only need to show that Z(G) C
N (A).

If ¢ € Z(G), then

gx =xgforallx € G

gx =xgforallx e A [A CG]

gx = xg for some x € A

gxg~t = xg¢~! for some x € A

gxg~! = x for some x € A

gAg T = A [definition of gAg™!]
g € NgA)

Therefore, Z(G) C Ng(A). O

12. Let R be the set of all polynomials with integer coefficients in the independent variables x;, x,, x5, x4 i.e.,
the members of R are finite sums of elements of the form ax;' x;?x;x;*, where a is any integer and 74, ..., 74
are non-negative integers. For example,

12x9x5 x4 — 18x3x3 + 11x§x,x3x3° (%)
is a typical element of R. Each ¢ € S, gives a permutation of {x;, ..., x4} by defining ¢ - x; = x,,;. This may
be extended to a map from R to R by defining

0 - p(x1, %, %3,%4) = P(Xp1yr X2y X (3)r Xor4y)

for all p(xq, x5, x3,%4) € R (i.e., o simply permutes the indices of the variables).

For example, if o = (12)(34) and p(x, ..., x4) is the polynomial in (*) above, then

0 - p(xy, Xy, X3, %) = 1223x7 x5 — 18x3x, + 11x5x; x3x3°

= 12x]x3x3 — 18x3x, + 11xyxSx3x%3x3
(a) Letp = p(xq,...,x4) be the polynomial in (*) above, let ¢ = (123 4) and let T = (1 2 3). Compute
c-p,T-(0-p),(Toor)-p,and (g o T) - p.

c-p=(1234)-p=12x3x5x; — 18x3x, + 11x§x3x3x3°

= 12xx5x% — 18x3x, + 11xPx8x3x3

T-(0-p)=(123)-((1234)-p) = 12xx3x] — 18xFx, + 11x33x5x, x5
= 12x7x,x3 — 18x3x, + 11x;x53x5x5

(Too)-p=(1342) p=12x3x7x, — 18xFx, + 11x§x;x5x3>

= 12x7x,x3 — 18x3x, + 11wy x53x5x3

(CoT)-p=(1324) p=12x3x7x; — 18x3x, + 11x§xx3x%

= 12x7x3x§ — 18x,x3 + 11xPx3x5x,

(b) Prove that these definitions give a (left) group action of S, on R.



(c)

(d)

Proof. Letp € R. Then 1 € S, is the identity permutation that fixes all independent variables of p and
we have that
l-p=pforallp € R.

Letoy,0, € S and p € R, then

01+ (02 P) = 01 P(Xy 1y Xy 291 Xy (3)7 Xy (4)) [definition of ¢ - p]
= p(xzfl(az(l))/ xg-l(az(z))/ xg'l (05(3))7 xg'l (02(4))) [deﬁnition of - p]
= P(X (g 00y) (1)7 X (01 002)(2)r X (01 0072) (3)7 Xy 0073 (4)) [definition of composition]
=(0100,)p [definition of ¢ - p]
Therefore, these definitions give a left group action of S, on R. O

Exhibit all permutations in S, that stabilize x, and prove that they form a subgroup isomorphic to Ss.
Proof. The elements of S, that stabilize the 4th element are: {1, (12), (13), (23),(123),(132)}

The elements of S; have the cycle decompositions: {1, (12), (13), (23), (123), (132)} [Exercise 4
Section 1.3]

Since these sets are equivalent, we see that all permutations in S, that stabilize x, is a group and is
isomorphic to S3. O

Exhibit all permutations in S, that stabilize the element x; + x, and prove that they form an abelian
subgroup of order 4.

Proof. The elements of S, that stabilize the element x; + x, are: {1, (12), (34), (12)(34)}
1 is an element of the set and

(12)0(34)=(12)(34)

34)0(12)=(12)(34)
(12)2(12)34)=MD(2)34 =34
(12)(34)°(12) =(1)(2)(34) = (34)
(B34)2(12)(34)=(12)3)(4) =(12)
12)34)=(34)=(12)3)(4) =(12)

Therefore, this is an abelian subgroup of order 4. O

Exhibit all permutations in S, that stabilize the element x; x, +x;3x, and prove that they form a subgroup
isomorphic to the dihedral group of order 8.

Proof. The elements of S, that stabilize the element x;x, + x3x4 are:
{1,(12),(34),(12)(34),(13)(24),(14)(23),(1324),(1423)}

This set has order 8, so let’s see if we can find if the elements match to the elements of Dg. We know
that Dy is generated by r and s withs?> = 1,7* = 1,rs = sr~L.

Letr =(1324) and s = (13)(24) so that

= (1324)0((1324)0((1324)0(1324)))
=(1324)0((1324)0(12)(34))



(f)

13. Let n be a positive integer and let R be the set of all polynomials with integer coefficients in the inde-
pendent variables x4, x,, ..., X, i.e., the members of R are finite sums of elements of the form axgl xgz X

=(1324)0(1423)
=(MD2)B3)4) =1
s2=(13)(24) 0 (13)(24)
=(M@2)B3)#4) =1
rs=(1324)0(13)(24) = (12)
sr1=(13)(24)0 (4231) =(12)

This shows us that the relations match. Now, let’s see if we can generate the rest of Dg with r and s,
which would show that this set is isomorphic to Dg:
r2=(1324)0(1324)=(12)(34)
P =(1324)0(12)(34) =(1423)
sr=(13)(24)0(1324) = (34)
sr2=(13)24)0(12)(34) = (14)(23)

sr3=(13)(24) 0 (1423)=(12)
Therefore, this set is isomorphic to Dyg. O

Show that the permutations in S, that stabilize the element (x; + x,) (x3 + x,) are exactly the same as
those found in part (e). (The two polynomials appearing in parts (e) and (f) and the subgroup that
stabilizes them will play an important role in the study of roots of quartic equations in Section 14.6.)

Proof. The permutations are {1, (12), (34), (12)(34), (13)(24),(14)(23),(1324),(1423)}.
Obviously the identity element stabilizes the element (x; + x,) (x5 + x4).

(xl + xz)(x:)) + X4) = X1X3 + X1X4 + .X2x3 + XZX4

(12) :x1x3 + x1x4 + XoX3 + XpXg = XoX3 + XpX4 + X1X3 + XXy

(34) : x1X3 + X1X4 + XoX3 + XpXy = X{Xg + X1X3 + XX + XpX3

(12)(34) : x1x3 + X1X4 + XpX3 + XpX4 = XoXg4 + XoX3 + X1X4 + X1X3

(13)(24) : x1x3 + X1X4 + XpX3 + XXy = X3Xq + X3Xp + XgXq + X4%

(14)(23) : x1x3 + X1X4 + XoX3 + XoXy = XgXp + XgX + X3Xp + X3Xq

(1324) :x1x3 + x1X4 + XpX3 + XXy = X3Xp + X3X1 + Xg4Xp + X4Xq
ES0

(1423)

As we can see, the element (x| + x,) (X3 + X4) = X1X3 + X1X4 + XpX3 + X,x, is stabilized after the

permutations.

Therefore, the permutations in S, that stabilize the element (x; + x,) (x3 + x,) are exactly the same as

those found in part (e).

X1X3 + X1X4 + Xy X3 + Xy Xy

where g is any integer and 74, ..., #,, are non-negative integers.

For each ¢ € S,, define a map

0 :R— Rby o -p(xy,xy,...,%,) = p(Xp1), X2y, -

Prove that this defines a (left) group action of S,, on R.

X4X1 + Xg4Xp + X3X1 + X3Xp

1 Xg(m))-



Proof. This is similar to part (b) of Exercise 12 and it is easy to see that instead of 4 independent variables for
S, it will be true for n independent variables for S,, as the proof only depends on the function composition
of each independent variable.

01+ (0 P) = 01 PXoy(1)r Xy 2)r -+ 1 Xy () definition of ¢ - p]

[
= P(Xg, (0, (1)) Xy (00207 -+ 1 Xy (0 (m))) [definition of ¢ - p]
= P(X(0,005) (1)1 X(0ry000) (27 -+ 1 X(ory 00y ) (1)) [definition of composition]
= (07 00y) p [

definition of ¢ - p]

Therefore, these definitions give a left group action of S, on R. O

14. Let H(F) be the Heisenberg group over the field F introduced in Exercise 11 of Section 1.4. Determine
which matrices lie in the center of H(F) and prove that Z(H (F)) is isomorphic to the additive group F.

Proof. From Exercise 11 of Section 1.4 we saw:

1 a b 1 a b
Let H(F) = {(0 1 c) la,b,c e F} — called the Heisenberg group over F. Let X = (0 1 cj and Y =
0 01 0 01

O O -
O =
—_N o

) be elements of H (F).

1 a b\/1 d e 1 d+a e+af +b
XY:(O 1 c)(o 1 f):(O 1 c+f )
0 0 1/\0 0 1 0 0 1

and that any matrix with af # dc will not commute. Thus, they will commute if 4 and ¢ are both zero.

Therefore, the center of the Heisenberg group is

1 0 b
Z(H(P)):{(O 1 OjleF}
0 01

We now will prove that this is isomorphic to the additive group F. Let

1 00
0 01

It is obviously injective and surjective, so it is a bijection. It is also a homomorphism as

1 0 a+b 1 0 a\/1 0 b
pa+b) = (O 1 0 ) = (0 1 0) (0 1 0) = @a)p(b)
0 0 1 0 0 1)\0 0 1
Therefore, Z(H(F)) = F. O

2.3 CYCLIC GROUPS AND CYCLIC SUBGROUPS



1. Find all subgroups of Z,5 = (x), giving a generator for each. Describe the containments between these
subgroups.

)y = (8) = (11) = (13) = (14) = (16) = (17) = (19) = (22) = (23) = (26) = (28) =

(37) = (38) = (41) = (43) = (44) (order 45)

(5) = (10) = (20) = (25) = (35) = (40) (order 9)
(9) = (18) = (27) = (36) (order 5)
(15) = (30) (order 3)
(45) (order 1)
The containments between them are given by
(@) < (by if and only if (b,45) | (1,45), 1 < a,b < 45.
For example, (3) = (6) because (6,45) | (3,45).

2. If x is an element of the finite group G and |x| = |G|, prove that G = (x). Give an explicit example to show
that this result need not be true if G is an infinite group.

Proof. If |G| = |x| = n < oo, then x" = 1and 1,x,x?,...,x""! are distinct because if x* = x¥, with say,
0 <a<b<n thenx’™ =% = 1, contrary to n being the smallest positive power of x giving the identity.
Therefore, G has at least 7 elements and it remains to show that these are all of them. If x! is any power of x,
use the Division Algorithm to write t = ng + k, where 0 < k < 1, so

xt = xR = (xmyaxk = 190k = xk e {1, x,x2, ..., x"1}

There are all of the elements of G. Thus, |G| = n and we also see that G is generated from x so that G = (x). O

3. Find all the generators for Z/48Z.
Any n such that ged(n7,48) =1 (i.e., the numbers less than 48 that have no factors of 2 or 3).
4. Find all the generators for Z/202Z.
Any n such that ged(n,202) =1 (i.e., the numbers less than 202 that have no factors of 2 or 101).
5. Find the number of generators for Z/49000Z.
sage: g =0
sage: for i in range(1,49000):

ceelt if gecd(i,49000) == 1:
g +=1

16800

sage: euler_phi(49000)



16800

As we can see from the Python code (using sagemath), the number of generators is 16800.
6. In Z /487 write out all elements of (a) for every a. Find all inclusions between subgroups in Z/48Z.

First, let us look at the cyclic subgroups that are generators for Z/48Z.

Z/48Z = (1) = (5) = (7) = (11) = (13) = (17) = (19) = (23) = (25) = (29) = (31) = (35) = (37) = (41) =
(43) = (47)

Since these groups are generators they will all generate the integers mod 48, i.e., {0,1, ...,47}. For example,
WO ={1-n\nez/48Zy={1-0,1-1,...,1-47} ={0,1,...,47}.

Now let us take a look at all the other cyclic subgroups.
(2) = (10) = (14) = (22) = (26) = (34) = (38) = (46) = {0,2,4,6, ..., 46}
(3) =(9) = (15) = (21) = (27) = (33) = (39) = (45) = {0,3,6,9, ..., 45}
(4)y = (20) = (28) = (44) = {0,4,8,12, ... 44}

(6) = (18) = (30) = (42) = {0,6,12,18, ...,42}

(8) = (40) = {0,8,16,24, 32,40}

(12) = (36) = {0,12,24,36}

(16) = (32) = {0,16,32}

(24) = {0,24)

0y = {0}

7. Let Zyg = (x) and use the isomorphism Z/48Z = Z,q given by 1 — x to list all subgroups of Z,g as
computed in the preceding exercise.

The map given by 1 — x means that we have k — x¥, where x* is the generator for the cyclic subgroup.
Therefore, all subgroups of Z,5 as computed in the preceding exercise are:

(1), (x), (x2), (x3), (xh), (x0), (xB), (x12), (x16), (x24)

Please note that (1) # (1) as the former is the identity element of Z,5 while the later is Z,g itself.

8. Let Zyg = (x). For which integers a does the map ¢, defined by ¢, : 1 — x? extend to an isomorphism from
Z[487Z onto Z,g.

These integers are just the integers for the generators of Z /487 which are:
1,5,7,11,13,17,19, 23, 25, 29, 31, 35, 37, 41, 43, 47

9. Let Z35 = (x). For which integers a does the map ¢, defined by 1, : 1 — x* extend to a well-defined
homomorphism from Z/48Z into Z34. Can ¢, ever be a surjective homomorphism?

Proof. Let us see when this map is well-defined. That is, if 2 = E, then we must have that i, (a) = ¢, (E).



Supposem, n € Z/48Z and m = n so that n = m +48k, for some k € Z. That is, the elements of these residue
classes differ by a multiple of 48. For ¢, (m) = ¢, (n) we need that
Ya () = ¢ (m - 1)
= (1 + Lo+ +1,)
= YD1 (D Pa (D
= (D"
— (xﬂ)m

— xum

The same argument applies to 17 and we see that am = an. However, we need them to be equal in the image
of i, for this to be well-defined so

am = an (mod 36)
am = a(m + 48k) (mod 36)
am = am + 48ak (mod 36)

am — am = 48ak (mod 36)
0 = 48ak (mod 36)
48ak = 0 (mod 36)
which shows that 48ak must be a multiple of 36. Since k can be any integer, if we let k = 1 then we see that

36 divides 484 which implies that 4 must be divisible by 3. Therefore, the homomorphism is well-defined if
3| a.

For ¢, to be surjective the order of x* would need to be 36 but the order of x” is Since a has a factor of

6
(36,a)°

36
3 (36,a) will be at least 3 or greater meaning m will at most be 12. Therefore, ¢, cannot be surjective. [

10. What is the order of 30 in Z/54Z? Write out all the elements and their orders in (30).

The order of 30 in Z /547 is

(54,30)
The elements of £30) are:

{0,6,12,18,24,30,36,42,48}
The order of these elements are:

0r=1,161 =9,112| = 9,118| = 3,124| = 9,130 = 9, 136] = 3,[42| = 9,48 = 9

11. Find all cyclic subgroups of Dg. Find a proper subgroup of Dg which is not cyclic.
The cyclic subgroups of Dy are:
L, 12,1}, (1,72}, (1,8}, (1,51}, {1,517}, {1, 5}

A proper subgroup of Dg that is not cyclic is {1,72, s, sr?} as each element either has order 1 or 2 while order
of the group is 4.

12. Prove that the following groups are not cyclic:



(a) Zy x 2,

Proof. Z,xZ, ={(1,1), (1,x), (x,1), (x,x)} but all of these elements have either order 1 or 2 while order
of the group is 4. O

(b) Z, xZ
Proof. Z, x Z = {(a,b) |a € Z,,b € Z}

The generators for Z, and Z are x and 1 or -1, respectively. The group operation for Z, is multiplication
while the group operation for Z is addition.

Suppose (x,1) is the generator for Z, x Z. Then (1, 1) is a possible element of Z, x Z which implies that

(x, )" =(1,1)
"n-1)=(@1,1)

which implies x” = 1and n-1 = 1. From n- 1 = 1 we see that n = 1 which implies that x! = 1 which is
a contradiction because x is the generator for Z, and not the identity element. Therefore, Z, x Z is not
cyclic. O

(c) ZxZ
Proof. Z x Z = {(a,b) |a,b € Z}
The generators for Z are 1 or -1. Addition is the group operation for Z.

Suppose (1,1) is the generator for Z x Z. Then (1,0) is a possible element of Z x Z which implies that
(1, 1" = (1,0).

1,1D)"=@1,00=m-1,n-00 = 1=n-1and 1 =n-0which implies thatn =1land that1=1-0=0,
which is a contradiction. Therefore Z x Z is not cyclic. O

13. Prove that the following pairs of groups are not isomorphic:
(a) ZxZ,and Z

Proof. (0,x) € Z xZ, and |(0,x)| = 2, while no element of Z contains an element of order 2. Therefore,
Z x Z, and Z are not isomorphic. O

(b) QxZ,and Q

Proof. (0,x) € QxZ, and [(0,x)| = 2, while no element of Q contains an element of order 2. Therefore,
Q x Z, and Q are not isomorphic. O

14. Let 0 =(1234567 891011 12). For each of the following integers a compute ¢*:
a=13, 65, 626, 1195, -6, -81, -570 and -1211

o is equivalent to a single permutation from a 12-gon, which is equivalent to ¥ € D,4. Therefore,

13 12+1

re=r =7

765 = ¥12945 — 45 — (15103816114927 12)
7626 — 1202)+2 — 42 = (1357 911)(24 6810 12)
1195 — p12009+7 — 47 — (183105127294 11 6)

ro=r=(17)(28)(39)(410)(5710)(25811)(36 9 12)



7570 _ ,~12(47)=6 _ ;=6 _ 46

—1211 _ ],.—12(100)—11 11

r =r - =r

15. Prove that Q x Q is not cyclic.
Proof. Suppose that Q x Q is cyclic and that its generator is (1,1). Then (1,0) should be an element in this

group such that

(L,1H)" =(1,0)
n(1,1) = (1,0)
(n-1,n-1) =(1,0)
= n-1=1n-1=0

which implies n = 1 and n = 0, which is a contradiction. Therefore, Q x Q is not cyclic. O

16. Assume [x| = n and [y| = m. Suppose that x and y commute: xy = yx. Prove that |xy| divides the least
common multiple of m and n. Need this be true if x and y do not commute? Give an example of commuting
elements x, y such that the order of xy is not equal to the least common multiple of |x| and |y].

Proof. Since |x| = n and |y| = m we see that

(xy)lcm(n,m) — xlcm(n,m)ylcm(n,m) [X and y commute]
=1-1=1

which implies |xy| = lem(#n, m) and obviously [xy| divides lem(n, m) as they are equal.

If x and ¥ do not commute this need not be true. For example, as we saw in Exercise 6 of Section 2.1, there
are examples where non-commuting elements of a group with finite order, have a product with infinite
order. O

17. Find a presentation for Z,, with one generator.
(x| x"=1)

18. Show that if H is any group and / is an element of H with " = 1, then there is a unique homomorphism
from Z,, = (x) to H such that x — h.

Proof. Let ¢ : Z,, — H such that ¢(x*) = h*. Then
pxi-x3) = -1 = (D)
showing ¢ is a homomorphism.
To show uniqueness, assume there is another homomorphism f with f (x) = h. Then
fE) =f0f =H = 9(h)
showing that f = ¢. O

19. Show that if H is any group and / is an element of H, then there is a unique homomorphism from Z to
H such that1 ~ h.



Proof. Let ¢ : Z — H such that ¢(n) = h". Then
pn+n)=h"+h" = @)+ pn)
showing ¢ is a homomorphism.
To show uniqueness, assume there is another homomorphism f with f (1) = h. Then
fm) =fAy+-+1,)=f)=h" = pn)
showing that f = ¢. O

20. Let p be a prime and let n be a positive integer. Show that if x is an element of the group G such that
" =1 then |x| = p™ from some m < n.

Proof. We will show that this is valid for all n > 0 with proof by induction.

IfxV =1,then|x|=p = m=1and1 <nistrueasn > 0.

Assume that x"~' = 1 so that x| = p”‘l = m=mn—1and n —1 < nis obviously true.

If x" =1, then x| = p" = m = nand thus n < n is true.

Therefore, if x is an element of the group G such that x*" = 1 then |x| = p”* from some m < n for all n > 0.

We could have also proved this is by noting that x** = 1 = [|x| = p" which shows that the order of x
divides p". Then, since p is prime, the only divisors of p" are p°,p!,p?, ..., p". Therefore, |x| = p™ for some
m < n. O

21. Let p be an odd prime and let 1 be a positive integer. Use the Binomial Theorem to show that (1+p)?"" =
1 (mod p") but (1+ p)”H # 1 (mod p™). Deduce that 1+ p is an element of order p”‘l in the multiplicative
group (Z/p"Z)*.

Proof. Let p be an odd prime number and z =1 (mod p). Then

ordp(zp -1 = ordp(z -1+1

Here, for a nonzero integer N, ord, (N) is the largest power of p which divides N (think of this as the amount
of times that p divides N'). We can write z = 1+xp for some integer x, so ordp (z—1) = ordp (xp) =1 +ordp (x).
Then, using the Binomial Theorem

2z —1=0+xp)? -1
fr p p 2 cee p -1
= (1)(96;7) + <2>(xm +o (p _ 1)(96;?)” + (xp)?

where the first term of the binomial expansion has

ordp ((’;)xp> =2+ ordp(x) = Ordp(z ~D+1

and the remaining terms have larger p-orders so we see that the overall p-order (i.e., the largest power of
p that will divide all terms) is ordp(z — 1) + 1. Since, -1 = (z”H)p — 1, by induction we see that
ordp(zpk -1) = ordp(z —1) +k.



Now, if z = 1 + p then
ord, (z?’k_] - 1)

ordp(z—l) +k-1
:ordp(l +p-1)+k-1
= ordp(p) +k—-1
=1+4+k-1
=k
for all k € Z*. Therefore, (1 + p)’”'H =1 (mod p") but (1 + p)’”m2 #1 (mod p").

Since ((1 + p),p") = 1land (1 + p)”H = 1 (mod p") we see that 1 + p is an element of order p"~! in the
multiplicative group (Z/p"Z)*. O

22. Let n be an integer > 3. Use the Binomial Theorem to show that (1 + 22)2"? =1 (mod 2") but (1 +
22)2"2 £1 (mod 2"). Deduce that 5 is an element of order 2”2 in the multiplicative group (Z/2"Z)*.

Proof. Using what was built upon in Exercise 21, if z = 1 + 2x, with x = 2 so that z = 5 then

ord,(z2 — 1) = ord,(z — 1) + ord,(z + 1)
= ord,(z — 1) + ord, (6)
=ord,(z—1)+1

which is similar form as Exercise 21. Again, inductively, we have ordz(z2k —1) = ord,(z — 1) + k so that
ord,(5% =1) =ord,(5—1) + k

=ord,(4) + k
=2+k

Therefore, we see that with exponent 2¥-2 we would get integer k which would be congruent to 0 (mod 2")
so that (1+22)2"7 =1 (mod 2") and (1 +2%)2"" £1 (mod 2").

Since (5,2") = 1and 52" =1 (mod 2") we see that 5 is an element of order 22 in the multiplicative group
(Z]2"Z)*>. O

23. Show that (Z/2"Z)* is not cyclic for any n > 3. [Find two distinct subgroups of order 2.]

Proof. From Theorem 7 (3) we know that if the group H is cyclic and of finite order 7, then there will be a
unique subgroup of order a where a is a divisor of .

For (Z/2"Z)* the order is 2" and obviously 2 is a divisor of this order. However, if there is more than one
subgroup of this order then (Z/2"Z)* is not cyclic.

(Z/2"Z)* are the elements of Z /2" Z that are relatively prime to 2". Therefore, (Z/2"Z)* will contain all the
positive odd integers less than 2. Thus, 2¥ — 1 and 25! — 1 will both be elements of (Z/2"Z)*. However

(2k — 1)2 = 2k+1 _ 2k 4+ 1 =1 (mod 2%)
(2k=1 _ 1)2 = 22k=2 _ 2k 4 1 =1 (mod 2¥)

which shows that both elements generator a different subgroup of order 2. When n < 3, we see that this
gives the same group.

Therefore, (Z/2"Z)* is not cyclic for any n > 3. O



24. Let G be a finite group and let x € G.
(a) Prove that if ¢ € Ng((x)) then gxg~! = x“ for some a € Z.

Proof. By definition if ¢ € N ((x)) then ¢gxg~! = x“ for some a € Z since x and x* are both in (x). [

(b) Prove conversely that if gxg™! = x* for some a € Z then ¢ € Ng((x)). [Show first that gx*g~!
(gxg‘l)k = x° for any integer k, so that g(x}g‘1 < (x). If x has order n, show the elements gx"g‘l,i =
0,1,...,n — 1 are distinct, so that |g(x)¢~!| = |(x)| = n and conclude that g(x)g~! = (x).]

Proof. 1f gxg~! = x“ for some a € Z then

grg~h =x"
(gxg~hHHk = (x1)k
(gxg ™)1 -+ (gxg™ 1)y = x*

ak

gxfg™t = [gg~! =1]

for any integer k so that g(x)¢~! < (x). If x has order 1, then suppose that gx'¢~! = x? and gx/g~! = x*
fori,j €{0,1,...,n — 1} then

gxigl =x =x! = gi=d = i=d/a
gig l=x =3 = gj=d = j=d/a

=
i=j
therefore, gx'g~1 are unique up to order 7 so that g(x)¢~! is a cyclic group with generator gxg—1. We
also see that |g(x)¢g~!| = [{x)| = n and since two finite cyclic groups of the same order are isomorphic,
we have that g(x)g~! = (x).

Therefore, if gxg~! = x” for some a € Z then ¢ € N ((x)). O

25. Let G be a cyclic group of order 7 and let k be an integer relatively prime to 7. Prove that the map x ~ x*

is surjective. Use Lagrange’s Theorem (Exercise 19, Section 1.7) to prove the same is true for any finite group
of order n. (For such k each element has a k" root in G. It follows from Cauchy’s Theorem in Section 3.2 that
if k is not relatively prime to the order of G then the map x — x¥ is not surjective.)

Proof. Since G is cyclic and of order n we can use Theorem 7 (3) which tells us that for every integer m,
(x™y = (x""M)_ Therefore, since (n,k) = 1 we have that

() = (x("0)
= (xh)
=(x)

which shows that the map x — x¥ for (1,k) = 1 is surjective as it generates G.

For any group G, Lagrange’s Theorem tells us the that the orders of the subgroups of G divide the order
of G. For any element x in G one can form the cyclic subgroup of x which will have order |x|. As thisis a
subgroup of G its order must divide the order of G. Therefore, the order of x in G divides the order of G.
This also applies for elements of the subgroups, as they are groups.

Since (n,k) = 1, x¥ doesn’t belong to any subgroup of G (this is because if it did belong to a subgroup of G
its order would need to be a divisor of the order of that subgroup, which would mean it was also a divisor of
n) but its order must divide the order of G (by Lagrange’s Theorem) so it must divide the order of G itself.
Therefore, the map x — x* is surjective. O



26. Let Z,, be a cyclic group of order n and for each integer a let
0,:2,—>Z,byoc,(x) =xforallx € Z,.

(a) Prove that ¢, is an automorphism of Z,, if and only if a and n are relatively prime (automorphisms
were introduced in Exercise 20, Section 1.6).

Proof. If 7, is an automorphism then it is surjective which means it is onto Z,, and from Exercise 25 we
know that the map x — x is only surjective when a and n are relatively prime.

Conversely, if 2 and n are relatively prime then from Exercise 25 we know that the map x — x% is
surjective. Now we just need to show it is injective. If o, (x;) = 0,(x,) then

0, (x1) = 0,(x2)

a — a

X1 =X
()= (x5)t

X1 =X

Thus o, is an isomorphism and since it is onto itself, it is an automorphism.
Therefore, 7, is an automorphism of Z, if and only if 2 and n are relatively prime O
(b) Prove that o, = 03 ifand only ifa = b (mod n).
Proof. 1f 0, = 0}, and since 0, 03, € Z,, we see that
x* = xb (mod n)
log_(x*) = log (x") (mod n)
a=b (mod n)
Conversely, ifa = b (mod n) then
a = b (mod n)
x* = x¥ (mod n)
0, =0y
Therefore, 7, = 0, if and only if a = b (mod n). O
(c) Prove that every automorphism of Z,, is equal to ¢, for some integer a.

Proof. Since an automorphism of Z,, is a map from Z,, — Z,, that is also bijective, we see that ¢, is equal
to any automorphism of Z,, when a is relatively prime to 7, as seen in part (a), as it is bijective map
fromZ,, - Z,,. O

(d) Prove that o, o 03, = 0,,. Deduce that the map a — o, is an isomorphism of (Z/nZ)* onto the auto-
morphism group of Z,, (so Aut(Z,)) is an abelian group of order ¢(n)).

Proof.

0,00, =0,(0,(x))
= 0, (x")
— (xb)u

— xab

Oap = xab



so that

0a00p = 0gp
(Z/nZ)* is isomorphic to Aut(Z,,) because the map a — 0, let’s denote it ¢, is a bijection.
injective:

¢ay) = ¢(ay)

Oa = 0,
a; = a, (mod n) [part (b)]
ay =a

showing that ¢ is injective.
surjective: Let o, be an element of the image of ¢.

Then, from part (b) we know that 0, = a =a (mod n), so thata € a. Therefore, ¢ (@) = 7, and ¢ is
surjective.

Therefore, the map a — ¢, is an isomorphism of (Z/nZ)* onto the automorphism group of Z,,. O

2.4 SUBGROUPS GENERATED BY SUBSETS OF A GROUP

1. Prove that if H is a subgroup of G then (H) = H.

Proof. If H is a subgroup of G then we know that the intersection of H with any other subgroups of G that
contain all the elements of H must be equal to H itself. Therefore, by the definition of the subgroup of G
generated by H, (H) = H. O

2. Prove that if A is a subset of B then (A) < (B). Give an example where A C B with A # B but (A) = (B).

Proof. If x € A then x € (A) by definition. Yet, if x € A then x € B since A C B. Then if x € B, we also have
that x € (B) by definition. Therefore, (A) < (B).

Let A = {1} and B = {1,2} so that A C B. These finite sets both generate the infinite group of the integers
under addition. Therefore, (A) = (B). O

3. Prove that if H is an abelian subgroup of a group G then (H, Z(G)) is abelian. Give an explicit example of
an abelian subgroup H of a group G such that (H, C;(H)) is not abelian.

Proof. Since the elements of Z(G) commute with all elements of G and H is itself an abelian subgroup of G
the words created by H U Z(G) will also commute with one another which shows that (H, Z(G)) is abelian.

Let G = Dg and let H = {1,7%}. We know that H is a subgroup because it is non-empty, 2 is its own
inverse, and r* = 1 (order 2). But we can also see that s and r are both in C (H) and these do not commute.
Therefore, (H, C-(H)) is not abelian. O

4. Prove that if H is a subgroup of G then H is generated by the set H — {1}.



Proof. The only difference between the subgroup H and the set H — {1} is obviously {1}, i.e., the identity
element. When generating a subgroup of G with a subset of G, the finite products of the subset’s elements
and their inverses close the set under the group operation. In this case H — {1} will generate all the elements
of the subgroup H including the identity element since x,x! € H— {1} = xx~! =1 € H — {1} so that
H — {1} = (H) and by Exercise 1, (H) = H.

Therefore, if H is a subgroup of G then H is generated by the set H — {1}. O
5. Prove that the subgroup generated by any two distinct elements of order 2 in S5 is all of S;.

Proof. The elements of S5 are: {1,(12),(13),(23),(123),(132)}.
For (12) and (2 3):
12)12)=1
(12)(23)=(123)
(23)(12)=(132)
(23)(123)=(13)

For (12) and (1 3):
12)(12)=1
(12)(13)=(132)
(13)(12)=(123)
(13)(132)=(23)

For (13) and (2 3):
13)(13)=1
(13)23)=(132)
(23)(13)=(123)
(23)(132)=(12)

Therefore, the subgroup generated by any two distinct elements of order 2 in S; is all of S;. O
6. Prove that the subgroup of S, generated by (1 2) and (1 2)(3 4) is a noncyclic group of order 4.

Proof. For (12) and (12)(34):
(12)(12) =1
12)34((12)(34)) =1
(12)((12)(34)) = (34)
((12)(34))(12) = (34)
(34)34) =1
B4)((12)34)) =(12)

Thus, the subgroup of S, is {1,(12),(3 4),(12)(3 4)}, which has order 4. The reason it is a non-cyclic group
is because no element has order 4.

Therefore, the subgroup of S, generated by (1 2) and (1 2)(3 4) is a noncyclic group of order 4. O



7. Prove that the subgroup of S, generated by (1 2) and (1 3)(2 4) is isomorphic to the dihedral group of
order 8.

Proof. We will show that there are elements in the subgroup of S, generated by (12) and (1 3)(2 4) that are
equivalent to the generators r and s of the dihedral group Dg. Let ¢ : Dg — S, be the map wherer — R,s —» S
andletA = (12)and B = (13)(24)sothatS = (12) and R = AB = (13 24). The order of R is 4 and the
order of S is 2. Additionally, R and S also obey the relationship rs = sr~* as RS = SR™! = B. Thus, ¢ is an
isomorphism.

Therefore, the subgroup of S, generated by (12) and (1 3)(2 4) is isomorphic to the dihedral group of order
8. O

8. Prove that S, = ((1234),(1243)).

Proof.

(1234)* =1
(1234)(1234) =(13)(24)
(1243)(1243) = (14)(23)
(1234)(1243)=(1324)
(1243)(1234) =(1423)
(1324)(1324) =(12)(34)

(1234)(13)(24) =(1432)
(1234)(14)23) =(24)
(1234)(12)(34) =(13)
(1243)(13)(24) = (23)
(1243)(14)23)=(1342)
(1243)(12)(34) =(14)
(1324)(13)(24) =(12)
(1324)(14)(23) = (34)
(12)(1234)=(234)
(14)(1234)=(123)
(12)(1243) =(243)
(13)(1243) = (124)
(13)(1324) =(243)
(14)(1324)=(132)
(13)(1423)=(142)
(12)(1432) =(143)
Thus we have all 24 elements of S, so that S, = ((1234), (124 3)). O

p)and(y )1
of Section 1 that SL, (F3) is the subgroup of matrices of determinant 1. You may assume this subgroup has
order 24 — this will be an exercise in Section 3.2.]

9. Prove that SL, (F5) is the subgroup of GL, (F3) generated by (1) 1) nd (1 0) Recall from Exercise 9
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2 2
swar= (2 2)

which shows that its order is 24 and that all of the determinants are equal to 1 (mod 3).

Therefore SL, (F3) is the subgroup of GL, (F3) generated by <(1) }) and G (1)> O

10. Prove that the subgroup of SL, (F3) generated by <(1) _01> and G _11> isisomorphic to the quaternion

group of order 8. [Use a presentation for Qg.]
Proof. A presentation for Qg is (¢,i,],k | Z=ei?= j? = k* = ijk = &). Noting that —1 = 2 (mod 3) and that
0 -1\ _(0 2
1 0) \1 0
1 1) (11
1 -1/ \1 2

which is equivalent to (B - A) (A - B) and (B - A) from Exercise 9, respectively. Therefore, looking at Exercise
9 we can see all of the combinations where these elements are used and that they map to the matrices:

10 1 1 -1 1 0 -1\ /-1 O -1 -1 1 -1 0 1
0 1)’\1 -1)’\1 1)’\1 0 0o -1)’\-1 1 )’\-1 -1)’\-1 0
which map to the elements {e, i, j, k,¢, 2,}, l;} and where the relations of the presentation for Qg all hold.

Therefore, the subgroup of SL,(F3) generated by ((1) _01) and G _11> is isomorphic to the quaternion

group of order 8.
11. Show that SL,(F3) and S, are two nonisomorphic groups of order 24.

Proof. It is necessary that the order of the elements of these groups match for there to be an isomorphism.
The highest order of S, is 4 (cf. Exercise 9, Section 1.6) while the order of (B - A) - A is 6. Therefore, SL, (F3)
and S, are two nonisomorphic groups of order 24. O

12. Prove that the subgroup of upper triangular matrices in GL3 (F,) is isomorphic to the dihedral group of
order 8. (cf. Exercise 16, Section 1). [First find the order of this subgroup. |

Proof. The order of this subgroup must be 8 if it is to be isomorphic to Dg. The upper triangular matrices in
GL3(F,) are:

1 00 1 10 1 00 1 11 1 10 1 01 111 1 01
(0 1 O),(O 1 O),(O 1 l),(O 1 1),(0 1 1),(0 1 1),(0 1 0),(0 1 0)
0 01 0 01 0 01 0 01 0 01 0 01 0 01 0 01

where these matrices correspond to the Heisenberg group modulo 2, which is known to be isomorphic to
D8.



Therefore, the subgroup of upper triangular matrices in GL3(F,) is isomorphic to the dihedral group of
order 8. 0

1
13. Prove that the multiplicative group of positive rational numbers is generated by the set {; | pis a prime}.

1 1
Proof. Let — be the set of finite products from the set {- | p is a prime}. Since the exponents of the members

are +1, we see that from the Fundamental Theorem of Arithmetic that we can form any positive numerator
or positive denominator and therefore any positive rational number. The multiplicative identity is also part
of the group.

1
Therefore, the multiplicative group of positive rational numbers is generated by the set {E | pis a prime}. [

14. A group H is called finitely generated if there is a finite set A such that H = (A).
(a) Prove that every finite group is finitely generated.

Proof. If the set A is finite, then there will only be a finite amount of combinations, i.e., words, that will
be members of (A). Therefore, H will be finite and thus every finite group is finitely generated. O

(b) Prove that Z is finitely generated.
Proof. The additive group of Z can be generated from the set {-1,1}. O

(c) Prove that every finitely generated subgroup of the additive group Q is cyclic. [If H is a finitely gener-
ated subgroup of Q, show that H < <% ), where k is the product of all the denominators which appear

in a set of generators for H.]

Proof. Since H = (A) and A is finite, let k be the product of all the denominators for the elements in
A. Then, since the group operation is addition, we see that all elements of (A), and therefore H, can

1 1
be constructed from T That is, - is a generator and thus (P is cyclic. Therefore, H < <E> and since

k
1
<E> is cyclic, we know that H is cyclic as well since every subgroup of a cyclic group is also cyclic [cf.
Theorem 7 (1)]. O

15. Exhibit a proper subgroup of Q which is not cyclic.

The p-adic rationals are a proper subgroup of Q:
a .
? | a € Z,p a prime number

but this group is not cyclic because it doesn't have a single generating element.

16. A subgroup M of a group G is called a maximal subgroup if M # G and the only subgroups of G which
contain M are M and G.

(a) Prove that if H is a proper subgroup of the finite group G then there is a maximal subgroup of G
containing H.



(b)

(c)

Proof. If H is the largest proper subgroup of the finite group G then H contains H and it is the maximal
subgroup.

If H is not the largest proper subgroup of the finite group G then there is a larger proper subgroup of
G which is the maximal subgroup that contains H.

Therefore, if H is a proper subgroup of the finite group G then there is a maximal subgroup of G
containing H. O

Show that the subgroup of all rotations in a dihedral group is a maximal subgroup.

Proof. The subgroup of all rotations in a dihedral group of order 2nis {1, 7,72, ..., #"~!}, which has order
n. Since the largest divisor of an even number is the remainder after division by 2, which in this case
is 1, we see that the subgroup of all rotations in a dihedral group is a maximal subgroup. O

Show that if G = (x) is a cyclic group of order n > 1 then a subgroup H is maximal if and only if
H = (xP) for some prime p dividing n.

Proof. G = (x) is a cyclic group of order n.

Let H = (x%), where d is composite such that d = a,a,, where a,,a, are both positive integers greater
than 1. Then
H = (x?) = (x1192) < (xM)

since a, | a14,. Therefore, if d is composite then H cannot be a maximal subgroup.

On the other hand, let H = (x”) for some prime number p and assume that H < K for some subgroup
K of G. Since all subgroups of a cyclic group then K = (x*). But then k must divide p. Thus

k=1 = K=Gk=p = K=H

In either case we see that K does not contain H properly, which is a contradiction with our assumption.
Therefore, H is maximal. O

17. This is an exercise involving Zorn’s Lemma (see Appendix I) to prove that every nontrivial finitely
generated group possesses maximal subgroups. Let G be a finitely generated group, say G = (1,82, -, §n)»
and let S be the set of all proper subgroups of G. Then § is partially ordered by inclusion. Let C be a chain

inS.

(a)

(b)

Prove that the union, H, of all subgroups in C is a subgroup of G.
Proof. C is a chain of proper subgroups in S

51 <S5, <GwhereS; € C
The union of all of these proper subgroups H is

H= USiWhereSi eC
i

Since each of these subgroups are already groups The Subgroup Criterion, i.e. that H is both nonempty
and forallx,y € H = xy~! € H, holds.
Therefore, H is a subgroup of G. O

Prove that H is a proper subgroup. [If not, each g; must lie in H and so must lie in some element of the
chain C. Use the definition of a chain to arrive at a contradiction. ]



(c)

Proof. Suppose that H is not a proper subgroup of G. Then each g; must be in H and since a chain
is a totally ordered subset of G, whether the chain is infinite or not, some proper subgroup in C will
contain each g; which is a contradiction as that means some subgroup of S is not a proper subgroup.
Therefore, H must be a proper subgroup of G. O

Use Zorn's Lemma to show that S has a maximal element (which is, by definition, a maximal sub-
group).

Zorn’s Lemma - If A is a nonempty partially ordered set in which every chain has an upper bound
then A has a maximal element.

Proof. S is a partially ordered set by inclusion. The proof of part (b) was with a general chain C which
showed that H, and therefore the chain C, had an upper bound as it was a proper subgroup.

Therefore, by Zorn’s Lemma, S has a maximal subgroup. O

18. Let p be a prime and let Z = {z € C | z¥" = 1 for some n € Z*} (so Z is the multiplicative group of all

p-power roots of unity in C). Foreachk € Z* let H, = {z € Z | 2" =1} (the group of p¥th roots of unity).
Prove the following;:

(a)

(c)

H, <H, ifand only if k <m

Proof. If k < m then
m—k

Zpk — 1 N me — (Zpk)p — 1
Thus, H, C H,, and since Hy is a group, H, < H,,
An n'" root of unity, is a number z satisfying the equation z" = 1, which for the complex numbers are

27tit 2wt 27t
expT:cosT+zsm7,t:O,l,...,n—l

showing that there are 1 roots, i.e., that the order is n.

Without loss of generality, H, and H,, can be written in the above form, showing that they are finite
groups. Then by Lagrange’s Theorem, the order of the subgroup H; must divide the order of H,,, since
H, < H,,. Thus,

[Hy| = p* | p" = |H,l
= k<m
Therefore, H, < H,, if and only if k < m. O

H, is cyclic for all k (assume that for any n € Z*, {e2mit/n |+ =0,1,...,n — 1} is the set of all n'" roots of
1in C)

Proof. Let H, = (&2t |+ = 0,1, ... Dy, 20, ..., PF1}. We see that Hy can be generated by the single
element 277", Therefore, Hy is cyclic for all k. O

every proper subgroup of Z equals H;. for some k € Z* (in particular, every proper subgroup of Z is
finite and cyclic)

Proof. Let H be a proper subgroup of Z. Then H = {zq,z,, ..., z;} for z; € Z. H is generated by these z;
such That

H =<(zy,25,...,2;)



Therefore, H is finite and cyclic and equals H; for some k = lem(p*1, p*2, ..., pk1). O
(d) Zisnot finitely generated.
Proof. Suppose Z is finitely generated. Then Z = (zq,z,, ..., z,,) where the z, are p* roots of unity. Let
k = max{ky, ..., k,,}
Then each of the z; is also a p*th root of unity so that
Z < H,
which is a contradiction as Hy is finite but Z is infinite.
Therefore, Z is not finitely generated. O

19. A nontrivial abelian group A (written multiplicatively) is called divisible if for each element 2 € A and
each nonzero integer k there is an element x € A such that xk = g, i.e., each element has a k" root in A (in
additive notation, each element is the k' multiple of some element of A).

(a) Prove that the additive group of rational numbers, Q, is divisible.

Proof. Leta € Q and k a nonzero integer. We are seeking x € Q such that

kx =a
X = % eQ [k is nonzero integer]
Therefore, the additive group of the rational numbers, Q, is divisible. O

(b) Prove that no finite abelian group is divisible.
Proof. Let G be a finite abelian group with order n.

If n = 1 then it is not divisible as it is not a nontrivial abelian group so let us assume that G is also a
nontrivial abelian group.

Then, let 4 € G be a nonidentity element and let k = n so that x” = a. Yet, by Lagrange’s Theorem we
know that x" = 1 for some x € G. This implies thata = 1, which is a contradiction as we proposed that
it was a nonidentity element.

Therefore, no finite abelian group is divisible. O
20. Prove that if A and B are nontrivial abelian groups, then A x B is divisible if and only if both A and B are
divisible groups.
Proof. If A x B is divisible then for (a,b) € A x B there exists (x{,x,) € A x B such that

(a,b) = (x1,x)k
(a,b) = (xk,x5) [operation is component wise]

= g =xkand b = x5



which implies that A and B are both divisible groups.

If A and B are both divisible groups then for 2 € A and b € B there exists x; € A and x, € B such that
a=xKandb=x}
(a,b) = (xf,x5)

(a,b) = (xl,x2)k [operation is component wise]

which implies that A x B is divisible.

Therefore, if A and B are nontrivial abelian groups, then A x B is divisible if and only if both A and B are
divisible groups. O

2.5 THE LATTICE OF SUBGROUPS OF A GROUP

1. Let H and K be subgroups of G. Exhibit all possible sublattices which show only G, 1, H, K and their joins
and intersections. What distinguishes the different drawings?

The distinguisng factor is whether or not H or K are subgroups of one another.
2. In each of (a) to (d) list all subgroups of D4 that satisfy the given condition.
(a) Subgroups that are contained in (sr?, r4)

1, (rty, (sr?), (sr0), (sr?, %)

b) Subgroups that are contained in (sr”, r#)
(b) Subgroup

1,(rty, (sr3), (sr7), (sr7, 1rh)

(c) Subgroups that contain (r%)

(512,14, (s, %), (1), (s13, 14y, (sr°,1%), (s, 12), (1), (st, %), (rh)

(d) Subgroups that contain (s)
(5,7%),(5,7%),(s)

3. Show that the subgroup (s, 7?) of Dy is isomorphic to V.

Proof. 1t is easy to see that the lattice for (s, 7?) of Dg and V, are equal but this doesn’t prove that they are
isomorphic as nonisomorphic groups can have the same lattice. However, had the lattices been different
then we would have known for sure that they are not isomorphisc.

Looking at the multplication table for V, we can see that each element of V, is self-inverse. Looking at the
elements of (s, %)

=1
(r25)2 = 1 [rs = sr™1]
2 =1 [r* =1]

we see that they are self-inverse as well.

Therefore, the subgroup (s, r?) of Dy is isomorphic to V. O



4. Use the given lattice to find all pairs of elements that generate Dy (there are 12 pairs).

(s,1),(8,13),(r?s,1), (r%s,13), (r,15), (r,13s), (13, 15), (13,738), (5, 79), (5,1°8), (r?s,1$), (%3, 133)

5. Use the given lattice to find all elements x € D4 such that D¢ = (x,s) (there are 16 such elements x).

(s,1),(5,7),(s,12),(5,17), (s,81), (5,8r2)(8,57°), (5,577 ) (5,75), (5,133, (5,1°3), (5,178), (s,578), (5,5r38) (5,51°3), (8,517 3)

6. Use the given lattices to help find the centralizers of every element in the following groups:

(a) Dsg
Cp, (1) = Dy
Cp, (r) = (1)
Cp, (r*) = Dy
Cp, (r?) = (1)
Cp, (s) = (s,7%)
Cp, (rs) = (rs,1?)
Cp, (r%s) = (s,7%)

Cp, (r¥s) = (rs,1%)

(b) Qs
Co, (1) = Qg
Co, (=1) = Qg
Cg, (1) = (i)
Co, (=1) = (i)
Co, () =
Co, (=) =
Cg, (k) = (k)
Co, (k) = (k)

(c) Ss
Cs,(1) =55
Cs,((12)) = ((12))
Cs,((13)) =<((13))
Cs,((23)) =((23))
Cs,((123)) =((123))
Cs,((132)) =((123))



(d) Die
Cp,, (1) = Dye
Cp, (1) =(r)
Cp, (r*) = (1)
Cp,, (*) =(n)
Cp, (r*) =Dy
Cp,, (") =(n)
Cp, (r®) = (1)

Cp, (") =(n)
Cp, (s) =(s,1%)
Cp,, (s7) = (s1°,7%)
Cp, (sr%) = (sr%, 1)
Cp,, (s7%) = (sr3,1)

Cp,, (sr*) = (s,1%)
Cp, (s57°) = (sr°,1%)
Cp, (57°) = (sr%, 1)

Cp, (s17) = (sr3,1%)

7. Find the center of D4
1,

8. In each of the following groups find the normalizer of each subgroup:

(a) S5
Ng, ((1)) = 53
Ns, (((12))) =(1,(12))
Ng, (((13))) =(1,(13))
Ns, (((23))) =(1,(23))
Ng, (((123))) = 53

Note: the trick with the last subgroup is realizing that in the lattice, the subgroup ((12 3)) also generates
its inverse which is (1 3 2).

(b) Qs
NQg(l) = QS
NQ8(<_1>) =0s
N, () = Qg
No, () = Qs
N, (k) = Qg

9. Draw the lattices of the subgroups of the following groups:



(a) Z/16Z

(b) Z/247

(c) Z/48Z [See Exercise 6 of Section 3.]

Z]16Z
2)
“)
(8)

(16)

Z/247

/\

2) 3

AN

) (6)

AN

(8) (12)

\/

(24)

Z/48Z

/\

(2) 3)

AN

4) (6)

AN

(8) (12)

N\

(16) (24)

\/

(48)




10. Classify groups of order 4 by proving that if |G| = 4 then G = Z, or G = V. [See Exercise 36, Section
1.1

Proof. Since G is finite we know from Lagrange’s Theorem that the order of elements of G must divide the
order of G. The divisors of 4 are 4, 2, and 1. If there is an element of order 4 then we know that G is cyclic
and therefore G = Z,.

If G doesn’t have any elements that have order 4 then we know that the nomdentlty elements must have
order 2. From Exercise 36, Section 1.1 we see that for G = {1,4,b, c} we have that a®> = b% = (ab)? = 1, which
is the presentation for V, and therefore G = V.

Therefore, if |G| =4 thenG = Z, or G = V. O

11. Consider the group of order 16 with the following presentation:
QD = (o, T8 =12=1,07 = 10%)

(called the quasidihedral or semidihedral group of order 16). This group has three subgroups of order 8:
(t,0%) = Dg,{0) = Zg and (¢?,0T) = Qg and every proper subgroup is contained in one of these three
subgroups. Fill in the missing subgroups in the lattice of all subgroups of the quasidihedral group on
the following page (please see original text for the diagram), exhibiting each subgroup with at most two
generators. (This is another example of a nonplanar lattice.)

There are two rows that have entries to be filled in and going from left to right:

First row - (0%, T02), (02), (T0), (T03)

Second row - (Tc®), (Tc?)

The next three examples lead to two nonisomorphic groups that have the same lattice of subgroups.

12. The group A = Z, x Z, = (a,b | a2 = b* = 1,ab = ba) has order 8 and has three subgroups of order 4:
(a,b*) = V,,(b) = Z, and (ab) = Z, and every proper subgroup is contained in one of these three. Draw the
lattice of all subgroups of A, giving each subgroup in terms of at most two generators.

G
(a, b?) (b) (ab)

SINL

(a) (ab?y  «

N

(1)

13. The group G = Z, x Zg = (x,y | x> = y® = 1,xy = yx) has order 16 and has three subgroups of order
8: (x,y?) = Z, x Z4,(y) = Zg and (xy) = Zg and every proper subgroup is contained in one of these three.
Draw the lattice of all subgroups of G, giving each subgroup in terms of at most two generators (cf. Exercise
12).



Zy xZg

RN

(x,y?  (xy) v

SN

xyty (@3

SN

(xy*) (x) yh)

N

14. Let M be the group of order 16 with the following presentation:

(1)

u,v|u? =18 =1,0u = urd®)

(sometimes called the modular group of order 16). It has three subgroups of order 8: (u,v?), (v) and (uv)
and every proper subgroup is contained in one of these three. Prove that (u,v?) = Z, x Z,,(v) = Zg and
(uv) = Zg. Show that the lattice of subgroups of M is the same as the lattice of subgroups of Z, x Zg (cf.
Exercise 13) but that these two groups are not isomorphic.

Proof. From Exercise 13 were were given that (x, yz) =7y x 2y, (y) = Zg and (xy) = Zg.

u, 0%y = {1, u,v%, uv?, v*, uv*, v°, uv®} which is the same as (x, y2) if we replace x with u and v with v. There-
y P Y

fore, (u,v%) = (x,y?) = Z, x Z.
(v) = Zg since v has order 8.
(uvy = {1,uv,v?, uv?,v*, uv>, v, uv’} = Zg.

The lattice will be the same but the reason these two groups are not isomorphic is that they do not have
matching presentations. That is, xy = yx but uv # vu since vu = uv°. O

15. Describe the isomorphism type of each of the three subgroups of D4 of order 8.
The three subgroups of D4 of order 8 are: (s,r2), (r), (st,7?)

(s,r%) = Z, x Z, since s has order 2 and r? has order 4.

(ry = Zg since r has order 8.

(sr,1%) = Z, x Z, since sr has order 2 and 72 has order 4.

16. Use the lattice of subgroups of the quasidihedral group of order 16 to show that every element of order
2 is contained in the proper subgroup (7, 0’?) (cf. Exercise 11).

In the lattice, since (7, 02) is in the row of groups with order 8 and the row below this are groups of order
4, we see that in the row below this the only groups of order 2 are contained in (7, o2y,

17. Use the lattice of subgroups of the modular group M of order 16 to show that the set {x € M | x?> = 1} is
a subgroup of M isomorphic to the Klein 4-group (cf. Exercise 14).



The elements of M that have order 2 are: the set {1, u, v*, uv*}

Thus (u,v*) generates this set and since u has order 2 and v* also has order two then this subgroup is
isomorphic to Z, x Z, which is isomorphic to V,. We also proved in Exercise 10 that a group of order 4
where all nonidentity elements that have order 2 is isomorphic to V,. Therefore, (u, v*) = V.

18. Use the lattice to help find the centralizer of every element of QD4 (cf. Exercise 11).

Cop,, (1) = QD16
Cop, (o) = (0)
CQDM(Uz) =(0)
CQD16(0'3) =(0)
Cop,, (%) = QD44
Cop, (0°) = (o)
CQD16(0'6) =(0)
Cop,, (67) = (o)
Cop, (1) =(T,0%)
Cop, (T0) =(T0)
Cop, (T0?) = (T0?,0%)
Cop, (10%) = (103, 0)
Cop,, (T0*) =(T,0%)
CQD16(TU’5) = (10, 0%)
CQD16(T0'6) = (10, 0%

Cop,, (T07) = (107, 0%)

19. Use the lattice to help find Np, _((s,7*)).

Np, (s, 7%) = (5,1?)

20. Use the lattice of subgroups of QD4 (cf. Exercise 11) to help find the normalizers:
(a) Ngp,, ((T0))

(to,0?)

(b) NQD16 (T, 0h)
QD16



